Abstract. Let R be a commutative Noetherian ring and let n be a non-negative integer. In this article, by using the theory of Gorenstein dimensions, it is shown that whenever R is a homomorphic image of a Noetherian Gorenstein ring, then the in- 
Introduction
Throughout this paper, let R denote a commutative Noetherian ring (with identity) and a an ideal of R. For an R-module M, the ith local cohomology module of M with support in Var(a) is defined as:
Ext i R (R/a n , M).
Local cohomology was first defined and studied by Grothendieck. We refer the reader to [4] or [8] for more details about local cohomology. An important theorem in local cohomology is Faltings' Annihilator Theorem [6] for local cohomology modules, which states that, if R is a homomorphic image of a regular ring or R has a dualizing complex, then the invariants f Recently, Khashyarmanesh and Salarian in [9] , gave a very elegant generalization of the Faltings' Annihilator Theorem over Gorenstein rings. It is well-known that 
Now, for a non-negative integer n, we define the nth b-finiteness dimension of M relative to a (resp. the nth b-minimum a-adjusted depth of M) by More precisely, as a main result of this paper, we prove the following: Theorem 1.1. Assume that R is a homomorphic image of a Gorenstein ring. Let a and b be ideals of R such that b ⊆ a, and let M be a finitely generated R-module. Then, for every non-negative integer n, f
The result in Theorem 1.1 is proved in Theorem 2.14. Our method is based on the theory of Gorenstein dimensions or G-dimension. One of our tools for proving Theorem 1.1 is the following, which will play a key role in this paper. Proposition 1.2. Assume that R is a Gorenstein ring. Let a and b be ideals of R such that b ⊆ a, and let M be a finitely generated R-module. Then, for every non-negative integer n, f
Throughout this paper, R will always be a commutative Noetherian ring with non-zero identity, a, b will denote ideals of R and M will denote a finitely generated R-module. For any ideal a of R, we denote {p ∈ Spec R : p ⊇ a} by V (a). Also, for any ideal b of R, the radical of b, denoted by Rad(b), is defined to be the set {x ∈ R : x n ∈ b for some n ∈ N}. For any unexplained notation and terminology concerning Gorenstein dimensions we refer the reader to [5] .
Faltings' Annihilator Theorem
The main goal of this section is to provide a generalization of the Faltings' Theorem for the annihilation of local cohomology modules over a Gorenstein ring. The main results are Theorems 2.10 and 2.14. Firstly, let us, introduce the concept of Gorenstein dimension. The notion of Gorenstein dimension (G-dimension) was introduced by Auslander [1] and was deeply studied by him and Bridger [2] . For an R-module L the biduality map is the canonical R-homomorphism
which is exact at G l for all l > 0 and has
The resolution is said to be of finite length n if G n = 0 and G l = 0 for all l > n.
Note that every finitely generated R-module has a resolution by finitely generated free modules and, thereby, a G-resolution.
A finitely generated R-module M is said to have finite G-dimension, if it has a G-resolution of finite length. We set Gdim0 = −∞ and for M = 0, we define G-dimension of M as follows: for any positive integer n, we say that M has G-dimension at most n, and write Gdim R M n if and only if M has a G-resolution of length n. If M has no G-resolution of finite length, then we say that it has infinite G-dimension and write Gdim R M = ∞. Corollary 2.4. A commutative Noetherian local ring R is Gorenstein if and only if every finitely generated R-module has finite G-resolution.
Proof. See [7, Corollary 2].
Remark 2.5. Let M be a finitely generated R-module.
is a closed subset of Spec R (in the Zariski topology) and
We now state and prove some preliminary lemmas and a proposition which help us to conclude the main results. Lemma 2.6. Let M be a finitely generated R-module, and let p ∈ SpecR be such that GdimM p < ∞. Then there exists s ∈ R \ p such that, for every proper ideal a of R, we have sH Thus sH i+1 a (N) = 0 for all i < grade(a, R) − h. Let a be a proper ideal of R and let i ∈ N 0 with i < grade(a, R) − h. Now, in view of the exact sequence Lemma 2.7. Let M be a finitely generated R-module, and t ∈ N 0 ∪ {−∞}. Then there exists n ∈ N such that, for every proper ideal a of R, we have
Proof. Let p ∈ U := Spec R \ C t (M). Thus Gdim M p t. By Lemma 2.6, there exists s p ∈ R \ p such that, for every proper ideal a of R, we have sH n ∈ N such that c t (M) n ⊆ g, and the result now follows from this.
Proposition 2.8. Let R be a Gorenstein ring, let M be a finitely generated R-module, and let a, b be ideals of R such that b ⊆ a. Then, for all q ∈ V (a) with dim R/q ≥ n,
Let q ∈ Var(a) with dim R/q ≥ n and let p be an arbitrary prime ideal of R such that pR q ∈ C ht q−λ b a (M )n (M q ). It is enough to show that bR q ⊆ pR q . To achieve this, suppose that the contrary is true, i.e., bR q ⊆ pR q , and look for a contradiction. Then it follows from [4, Remarks 9.2.3] that
Next, since R q is catenary, it yields that ht q − ht p = ht qR q − ht pR q = ht qR q /pR q = ht (qR q + pR q )/pR q . Also, as R p is Gorenstein, it follows from Auslander-Birdger formula (see [ 
, which is a contradiction.
Lemma 2.9. Let L −→ M −→ N be an exact sequence of R-homomorphisms and Rmodules. Suppose that n, t and s be non-negative integers such that dim Supp(b t L) < n and dim Supp(b s N) < n. Then there exists a non-negative integer l such that dim Supp(b l M) < n.
Proof. Set l := t + s. It is enough to show that for each p ∈ Spec R with dim R/p ≥ n,
To do this, let m ∈ M p and we consider the exact sequence
of R p -modules and R p -homomorphisms. Now, for each u ∈ b s R p we have g(um) = ug(m) = 0, and so um ∈ Kerg = Imf . Thus there exists v ∈ L p such that um = f (v). Also, for each w ∈ b t R p , we have
, and therefore (bR p ) l M p = 0, as required.
We are now ready to state and prove the generalization of the Faltings' Theorem for the annihilation of local cohomology modules over a Gorenstein ring. 
Moreover, in view of Proposition 2.8,
Case 2. Now, suppose that dim R/a > n and we show that f
a (M) n and look for a contradiction. To this end, as R is Noetherian, we can (and do) assume that a is a maximal element of the set
, where I (R) denotes the set of all ideals of R. Let p 1 , . . . , p h be the distinct minimal primes of a. Then there is an integer i with 1 ≤ i ≤ h such that dim R/a = dim R/p i . By [4, Exercise 9.4.9] and Proposition 2.8, we have
Then in view of [4, Exercise 9.4.9], we have
. Since grade(aR s , R s ) = ht aR s , it follows from Lemma 2.7 that there exists 
Proof. Lemma 2.12. Let f : R −→ R ′ be a surjective homomorphism of Noetherian rings, and a and b be ideals of R such that b ⊆ a. Let M ′ be a finitely generated R ′ -module. Then
Proof. Let f * : Spec R ′ −→ Spec R be the induced map. Then, for each t ∈ N 0 , we have
and so dim R ′ (bR
as required.
Before we state Theorem 2.14 which is the main result of this paper, we give a couple of lemmas that in the proof of Theorem 2.14. Lemma 2.13. Let a and b be ideals of R such that b ⊆ a. Let M be a finitely generated R-module, and let c be an ideal of R such that c ⊆ (0 : M). Then We are now ready to state and prove the main result of this paper which is a generalization of the Faltings' Theorem for the annihilation of local cohomology modules whenever the ring R is a homomorphic image of a Noetherian Gorenstein ring.
Theorem 2.14. Assume that R is a homomorphic image of a Gorenstein ring. Let a and b be ideals of R such that b ⊆ a, and let M be a finitely generated R-module. Then, for each n ∈ N 0 , f b a (M) n = λ b a (M) n . Proof. By assumption there is a Gorenstein ring R ′ and a surjective homomorphism of Noetherian rings f : R ′ −→ R. Let a ′ and b ′ be ideals of R ′ such that a = a ′ R and b = b ′ R. Then by Lemmas 2.12, 2.13, and Theorem 2.10,
